We construct a surprisingly large class of new Calabi-Yau 3-folds X with small Picard numbers and propose a construction of their mirrors X * using smoothings of toric hypersurfaces with conifold singularities. These new examples are related to the previously known ones via conifold transitions. Our results generalize the mirror construction for Calabi-Yau complete intersections in Grassmannians and flag manifolds via toric degenerations. There exist exactly 198849 reflexive 4-polytopes whose 2-faces are only triangles or parallelograms of minimal volume. Every such polytope gives rise to a family of Calabi-Yau hypersurfaces with at worst conifold singularities. Using a criterion of Namikawa we found 30241 reflexive 4-polytopes such that the corresponding Calabi-Yau hypersurfaces are smoothable by a flat deformation. In particular, we found 210 reflexive 4-polytopes defining 68 topologically different Calabi-Yau 3-folds with h 11 = 1. We explain the mirror construction and compute several new Picard-Fuchs operators for the respective 1-parameter families of mirror Calabi-Yau 3-folds.
Introduction
Toric geometry provides simple and efficient combinatorial tools [1] for the construction of large classes of Calabi-Yau manifolds from generic hypersurfaces [2] and complete intersections [3, 4] in toric varieties. An important additional benefit of this construction is its invariance under mirror symmetry. In particular it enables the computation of quantum cohomology and instanton numbers using generalized hypergeometric functions [5, 6] . Calabi-Yau 3-folds obtained from hypersurfaces in 4-dimensional toric varieties have been enumerated completely [7, 8] . Some large lists of Calabi-Yau 3-folds obtained from complete intersections have been compiled and analyzed in [9, 10] . Their fibration structures [11, 8] and torsion in cohomology [12] are of particular interest for applications to string theory [10, 13] . Thus, toric constructions provide by far the largest number of known examples, but they are, nevertheless, quite special in the zoo of all Calabi-Yau 3-folds about which little is known. Even finiteness of topological types of Calabi-Yau 3-folds remains still an open question.
According to Miles Reid [14] it is expected that an appropriate partial compactification of the moduli space of all Calabi-Yau 3-folds, which allows Calabi-Yau varieties with mild singularities, will be connected. Using this idea, we can try to get new examples of Calabi-Yau 3-folds by studying singular limits of Calabi-Yau 3-folds obtained by toric methods.
In the present work we focus on Calabi-Yau 3-folds X f obtained from generic hypersurfaces X f in 4-dimensional Gorenstein toric Fano varieties P ∆ correspondig to 4-dimensional reflexive polytopes ∆ because the complete list of these polytopes is known [7, 8] . We classify all hypersurfaces X f with at most conifold singularities coming from the singularities of the ambient Gorenstein toric Fano variety P ∆ . Standard toric methods allow to resolve the conifold singularities of X f by a toric resolution of P ∆ and to obtain a smooth Calabi-Yau 3-fold X f . However, in this paper we are interested in smoothing X f to a Calabi-Yau 3-fold Y by a flat deformation. Thus the two Calabi-Yau 3-folds X f and Y are connected by a so-called conifold transition. Moreover, a similar conifold transition exists for the mirrors ( X f ) * and Y * .
The above approach was motivated by the previous work [15, 16] which shows that all Grassmannians and Flag manifolds allow flat degenerations to Gorenstein toric Fano varieties P ∆ having at worst conifold singularities in codimension 3. Therefore smooth 3-dimensional Calabi-Yau complete intersections Y in Grassmannians and Flag manifolds can be regarded as smoothings of generic Calabi-Yau complete intersections X in the corresponding Gorenstein toric Fano variety P ∆ . It was observed in [15, 16] that the mirrors Y * of Y are obtained by specializations of the complex structure of the mirrors X * coming from the already known toric construction.
In section 2 we explain the construction and present our results by describing the lists of polytopes and Hodge data whose details are available on the internet. In section 3 we discuss the conifold transition in the mirror family (which is related to the transitions studied in [17] ). This enables the construction of non-toric mirror pairs and the computation of quantum cohomologies. In section 4 we focus on 1-parameter models for which we compute the topological data and also initiate the study of the mirror map by direct evaluation of the principal period, which allows us to find a number of new Picard-Fuchs operators. We conclude with a discussion of open problems, generalizations, and work to be done.
Reflexive polytopes and conifold transitions
Let M ∼ = Z d and N = Hom(M, Z) be a dual pair of lattices together with the canonical pairing * , * : N × M → Z and let M R = M ⊗ R, N R = N ⊗ R be their real extensions. It is known [2] that the generic families of Calabi-Yau hypersurfaces X f in 4-dimensional Gorenstein toric Fano varieties P ∆ and their mirrors X g ⊂ P ∆ • are in one-to-one correspondence to the polar pairs ∆ ⊂ M R , ∆
• ⊂ N R of reflexive 4-polytopes. By definition reflexivity of ∆ and ∆ • means that ∆ • = {y ∈ N R : y, x ≥ −1 ∀x ∈ ∆} (1) and that both ∆ and ∆ • are lattice polytopes, i.e., all vertices of ∆ (resp. ∆ • ) are elements of M (resp. N).
The hypersurfaces X f ⊂ P ∆ and X g ⊂ P ∆ • are the closures of the affine hypersurfaces X f and X g defined by generic Laurent polynomials
Denote by Σ (resp. by Σ • ) the fan of cones over simplices in ∂∆ (resp. in ∂∆ • ) in a maximal coherent triangulation of ∆ (resp. ∆
• ) [18] . Then the projective toric variety P Σ • is a maximal partial projective crepant (MPPC) desingularization of P ∆ . Similarly, P Σ is a maximal partial projective crepant desingularization of P ∆ • . Denote by X f ⊂ P Σ • and X g ⊂ P Σ the closures of X f and X g in P Σ • and P Σ , respectively. Then X f and X g are smooth Calabi-Yau 3-folds [2] and for the Hodge numbers h 1,1 and h 2,1 one has
where l(∆) denotes the number of lattice points of ∆ and l * (θ) denotes the number of lattice points in the relative interior of θ. The faces θ ⊂ ∆ and θ
• ⊂ ∆ • denote polar sets of points saturating the inequality in eq. (1), so that dim(θ) + dim(θ • ) = 3.
The smoothness of generic hypersurfaces X f and X g follows from the fact that the singularities of the MPPC resolutions P Σ • and P Σ have codimention at least 4, i.e., singular points in the 4-dimensional ambient spaces P Σ • and P Σ can generically be avoided by the hypersurface equations f = 0 and g = 0. For special values of the coefficients {a m } and {b n } in eq. (2) the corresponding Calabi-Yau varieties X f and X g may of course be singular.
From now on we want to restrict the types of singularities of X f ⊂ P ∆ under consideration and demand that all 2-dimensional faces θ
• of the dual polytope ∆ • are either unimodular triangles (i.e. spanned by a subset of a lattice basis) or parallelograms of minimal volume, whose two triangulations hence are unimodular. This implies that all nonisolated singularities of P ∆ are 1-parameter families of toric conifold singularities defined by an equation u 1 u 2 − u 3 u 4 = 0. These families T θ of singularties are in one-to-one correspondence to 1-dimensional faces θ ⊂ ∆ such that the dual face θ
• ⊂ ∆ • is a parallelogram.
The morphism P Σ • → P ∆ induces a small crepant resolution X f → X f which replaces every conifold point in X f by a copy of P 1 . We remark that every 1-parameter family
• is a parallelogram) of toric conifold singularities has exactly l(θ) − 1 distinct intersection points with the generic hypersurface X f ⊂ P ∆ . In order to analyse the possibility of smoothing X f by a flat deformation we apply the following criterion of Namikawa (we formulate it in a simplified version):
Theorem (see [19] ): Let X be a Calabi-Yau 3-fold with n isolated conifold singularities
and f : Z → X be a small resolution of these singularities such that
be deformed to a smooth Calabi-Yau 3-fold if and only if the homology classes [C
where α i = 0 for all i. It is easy to see that the last condition is equivalent to the fact that the subspace in H 2 (Z, C) generated by the homology classes [C 1 ], . . . , [C k ] coincides with the subspace generated by
In our situation we can choose Z to be X f . Let P (∆) be the set of all 1-dimensional faces of ∆ such that the dual 2-face θ
• is a parallelogram of minimal volume. We set
conifold points. Let {v 1 , . . . , v l } be the set of all vertices of the dual polytope ∆
• . Then it can be shown that the homology group H 2 ( X f , Q) can be identified with the subgroup
In order to determine the homology class [C i ] ∈ H 2 ( X f , Q) we first remark that locally for each conifold point p i ∈ X f there exist exactly two different small resolutions f i and f ′ i of
. The next step is to see that for any θ ∈ P (∆) all k θ conifold points in the intersection T θ ∩ X f define (up to signs) the same homology class in 
coincide (up to signs) with the elements ρ θ for θ ∈ P (∆). Each element ±ρ θ appears k θ = l(θ) − 1 times in the sequence [C 1 ], . . . , [C k ]. Thus, the smoothing criterion of Namikawa can be formulated for X f as follows:
Smoothing criterion: Under the above assumtion on ∆
• , a generic Calabi-Yau hypersurface X f ⊂ P ∆ is smoothable to a Calabi-Yau 3-fold Y by a flat deformation if and only if for any 1-dimensional face θ ∈ P such that k θ = 1 the element ρ θ is a linear combination of the remaining elements ρ θ ′ with θ ′ ∈ P (∆), θ ′ = θ.
Using the classification of 4-dimensional reflexive polytopes, one can show that there exist exactly 198849 reflexive polytopes ∆ such that all 2-dimensional faces of the dual polytope ∆
• are either basic triangles, or parallelograms of minimal volume. Let p := |P (∆)| and l be the number of vertices of ∆
• . We define the matrix Λ(∆) of size p × l whose rows are coefficients of the linear relation ρ θ (θ ∈ P (∆)). Then a generic Calabi-Yau hypersurface X f is smoothable by a flat deformation if and only if for all θ ∈ P (∆) such that k θ = 1 the removing of the corresponding line Λ θ (∆) from Λ(∆) does not reduce the rank of the matrix. This smoothing condition reduces the number of relevant polytopes from 198849 to 30241 as detailed according to Picard numbers h 1,1 in table 1.
The Hodge numbers of the smoothed Calabi-Yau 3-fold Y can be computed by the wellknown formula (see e.g. [20] )
where rk is the rank of the matrix Λ(∆) of linear relations and dp = k = θ∈P (∆) k θ denotes the number of double points in X f . For the smoothable cases they are listed in table 2 and displayed as circles over the background of toric hypersurface data in fig. 1 . The complete data, which was computed using the software package PALP [21] , is available on the internet [22] .
The enumeration of the polytopes ∆ and of the Hodge data is, of course, only the first step and further work is required to compute the additional data like intersection form, Chern classes and quantum cohomology of Y . This program will be initiated for the 210 examples of Y with Picard number 1 in section 4.
Mirror families
Let us discuss the explicit construction of mirrors of Calabi-Yau 3-folds Y from the previous section. As we have seen Y is obtained from X f by a conifold transition. It turns out that the mirror family Y * of Y is obtained also by a conifold transition from the mirrors X g = ( X f ) * .
For this we have to specialize the generic family of Laurent polynomials
to a special one by imposing additional conditions on the coeffients b n : for every θ ∈ P (∆) we demand
where v i , v j , v r , v s are vertices of the parallelogram θ • satisfying the equation
We denote the specialized Laurent polynomial byg.
Our main observation is that the hypersufaces Xg from the specialized family should have the same number k = θ∈P (∆) k θ of conifold singularities so that we could consider Xg as a flat conifold degeneration of smooth Calabi-Yau 3-folds X g .
Let us explain this observation in more detail. For any θ ∈ P (∆) we can choose a basis e 1 , . . . , e 4 of the lattice M and the dual basis e 
Every pair of lattice points w j , w j−1 (1 ≤ j ≤ k θ ) generates a 2-dimensional cone σ j in the fan Σ. Since e 1 , e 2 , w j , w j−1 is a Z-basis of M the cone σ j defines an affine open torus invariant subset 4 := −je
4 is a Z-basis of N dual to e 1 , e 2 , w j , w j−1 . We use this basis in order to define the local coordinates t 1 , t 2 , t
4 on U σ j . Then the equation of Xg in U σ j can be written as followsg
where A j ⊂ N is a finite number of lattice points n = (n 1 , n 2 , n 3 , n 4 ) ∈ N satisfying the conditions n 3 ≥ 0, n 4 ≥ 0. Therefore, the polynomial
b n t n has a conifold singularity at the point q j = (−1, −1, 0, 0) ∈ U σ j (1 ≤ j ≤ k θ ). By repeating this computation for every 1-dimensional face θ ∈ P (∆), we obtain k = θ∈P (∆) k θ conifold points in Xg.
Remark. Unfortunately, these above arguments do not show that we have found all singular points of Xg. We hope that this is true in many cases. Now we are going to obtain the mirrors Y * using small resolutions of singularities of Xg. By a result of Smith, Thomas and Yau [23] (Theorem 2.9), in order that Xg admits a projective small resolution, the homology classes
This condition can be considered as "mirror" to the criterion of Namikawa.
In the case when h 1,1 (Y ) = 1 the specialization equations (6) show that we can put b 0 = 1 and b n = −z ∀n = 0), so that we obtain a one-parameter family of Laurent polynomialsg depending only on z. 
where Vol denotes the lattice volume, |∂∆ ∩ M| is the number of boundary lattice points of ∆ and Ind is the index of the affine sublattice of M that is generated by the vertices of ∆. There is one exception to this rule, namely the convex hull of the 
which is one of the two polytopes that lead to the entry #65 with h 12 = 89 in the table. For this variety the divisor H has multiplicity two so that effectively Ind has to be doubled in eq. (7).
A glance at fig. 1 shows that we constructed a surprisingly rich new set as compared to toric hypersurfaces, and also when compared to other know constructions of one-parameter examples [10, 15, 16, 25] . Observe that in all instances in table 3 with given Hodge numbers each of the intersection numbers H 3 and c 2 ·H uniquely determines the other.
For the computation of the quantum cohomology we start with the computation of the principal period
where for h 11 = 1 all coefficients of the relevant non-constant monomials can be set to b j = −z because mirror symmetry amounts to the restriction b 
This operator can then be used to compute the periods with logarithmic singularities and the instanton numbers via the mirror map as explained, for example, in [6] . Our method for the computation of O is direct evaluation of the period by expansion of the last term in eq. (9) in z up to (at least) degree 5d and determination of the coefficients c ni from O (̟ 0 ) = 0 for the ansatz eq. (10).
We have computed all Picard-Fuchs operators for the manifolds with h 12 ≥ 45, which are the cases #44 -#68 in table 3. They have been determined independently by Duco van Straten and Gert Almkvist [26] . Most of these operators were known before [27] . Here we only list three examples that are needed, in addition to eqs. (17) , (19) and (20) #50: X the two-parameter bi-degree (4, 1)(1, 1) complete intersection in P 4 × P 1 . In this construction the conifold transition relates complete intersections of different codimension, but one stays in the realm of toric ambient spaces.
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Another interesting example of codimension two has been discussed in appendix E.2 of [10] , where a toric realization of the hypergeometric function related to degrees (2,12) with weights (1,1,1,1,4,6 ), as derived in [29] , is found along a singular one-parameter subspace of the complex structure moduli space of a toric complete intersection. It is tempting to speculate that a flat deformation of that singularity may exist, which could define a smooth Calabi-Yau family with the desired monodromy.
